Optical lattice experiments which probe the effect of disorder on superfluidity often use a speckle pattern for generating the disorder. Such speckle disorder is spatially correlated. While fermionic superfluidity in the presence of uncorrelated disorder is well studied, the impact of correlated disorder, particularly on thermal properties of the superfluid, is poorly understood. We provide a detailed study of the impact of speckle disorder, for varying speckle size and disorder magnitude, on the ground state and thermal properties of a Fermi superfluid close to 'unitarity' in an optical lattice. The results reveal a smoothening of the self-consistent background potential, reduction of low energy spectral weight, and increase in superfluid Tc, with increasing speckle size. We correlate these effects with weakening localisation of single particle states with increasing speckle size.
I. INTRODUCTION
Fermi superfluids with s-wave symmetry are robust 1, 2 to the presence of weak disorder. In two dimensions, where all states are localised in the presence of arbitrarily weak disorder, and the non interacting system would be an insulator, the presence of pairing interaction leads to a superfluid (SF) state that is destroyed 3 only at a disorder comparable to the pairing interaction. The interplay of disorder and pairing on the survival of a superfluid ground state has been extensively explored both theoretically [4] [5] [6] [7] [8] and experimentally [11] [12] [13] [14] . Most of the earlier experiments are on the solid state, where multiple interactions may be at play, but recently artificially engineered optical lattices [15] [16] [17] provide a controlled option.
Weak coupling superfluidity in the presence of disorder was first examined by Anderson 1 , leading to what is called 'Anderson's theorem' about the insensitivity of the SF state to weak disorder. The qualitative insight has been put on firmer ground by solution 4 of the Bogoliubov-de Gennes (BdG) equations for disordered superfluids. These explicitly solve for the spatially modulated pairing amplitude in the disordered SF, and has made signficant predictions about cluster formation and the superfluid gap across the disorder driven SF to insulator transition (SIT). Thermal effects can be reasonably accessed within the BdG scheme at weak coupling. Complications arise when one moves beyond the BCS window 9, 10 .
Beyond the BCS regime phase fluctuations of the order parameter become significant and a BdG scheme, where the phase is irrelevant, starts to fail. Disorder makes the phase stiffness spatially inhomogeneous, and worsens this situation. Phase fluctuation between weakly coupled clusters can destroy global coherence with SF order surviving in patches. This calls for an approach that treats thermal fluctuation of the order parameter. Full quantum Monte Carlo 5, 8 accomplishes this, and we have shown earlier that a simpler method 9, 10 can also capture the thermal physics. The uncorrelated disorder, strong coupling, problem is essentially solved.
It is interesting, both formally and experimentally, to ask how spatial correlations in the disorder -as in disordered optical lattices -modify the physics. The 'speckle disorder' in these systems is characterised by two parameters: the scale V 0 of potential fluctuations, and the correlation length, σ. Spatial correlations in the disorder have several unsual effects.
For non interacting systems, transport in a speckle disorder potential requires revision of several results that exist in the case of uncorrelated disorder. Much work has been done on this [18] [19] [20] [21] [22] [23] [24] [25] [26] modifying the Boltzmann equation and extending the self-consistent theory of localisation. For interacting systems we are aware of two kinds of theory (i) those which examine 27, 28 bosonic superfluids in a speckle potential, with repulsive interactions present, and (ii) studies of Fermi systems 29, 30 with repulsive interactions and speckle disorder. Those in (i) mainly use the Gross-Pitaevskii framework, focusing on the lowest self-consistent eigenstate, while (ii) uses dynamical mean field theory (DMFT).
Most of the optical lattice experiments have been with bosons, mainly in the 'non interacting' regime [31] [32] [33] [34] with a few probing interactions [35] [36] [37] . There are relatively fewer experiments on fermions probing both the non interacting 38 and interacting 39, 40 regimes. Neither theory nor optical lattice experiments, however, have probed Fermi superfluids with speckle disorder yet.
This paper uses the tools that we have developed to study spatial fluctuations to probe the effect of speckle correlated disorder on the Fermi superfluid. We work at intermdiate coupling, U = 4t, where the T c peaks as a function of coupling, and mean density n = 0.9 per site. Our main results are:
1. Ground state: In the interaction regime that we probe the critical disorder for the superfluid-insulator transition in the ground state 41 
2. Critical temperature: At fixed disorder strength an increase in speckle size increases T c . In fact increasing σ can covert an insulator, with T c = 0, to a super- T pg T c . The T pg scale reduces with speckle size, and is down to ∼ T c for σ ∼ 4.
Localisation effects:
The cluster pattern that emerges in the ground state can be understood from the Hartree renormalised effective potential. This pattern in turn generates a phase stiffness that controls thermal fluctuations and T c enhancement with increasing speckle size.
II. MODEL AND METHOD
To study the effect of speckle disorder on fermi superfluid, we use attractive Hubbard model in two dimensions (2D),in the presence of speckle potential, V i at each site.
t is the nearest neighbour hopping term, U is onsite attraction, µ the chemical potential. We set t = 1 and fix the fermion density at n ≈ 0.9. We use U = 4t since the corresponding coherence length is reasonably small and system sizes ∼ 24 × 24 can well access the physics. Our disorder V i has the two point correlation:
where J 1 is the first order Bessel function. σ is the speckle size/correlation length. An exact treatment of the interaction is difficult, so we follow the approach followed in ref. We decouple the interaction term by using two auxiliary fields: (a) a complex scalar pairing field ∆ i , and (b) a a real scalar field φ i . When these fields are assumed to be static, we obtain the following effective model:
The probability distribution of the auxiliary fields is
At zero temperature P picks the ∆ i , φ i corresponding to the lowest energy. This is the mean field Hartee-Fock-Bogoliubov-de Gennes (HFBdG) state. At finite temperature we sample {∆ i , φ i } configurations by using a Metropolis algorithm. For each attempted update of the ∆ i , φ i we solve the HFBdG problem on a 8 × 8 lattice around the update site and compute the energy cost of the move 42 . To calculate properties of the system as a whole we compute the HFBdG solution on the complete lattice, compute fermionic properties, and average over equilibrium configurations of {∆ i , φ i }.
We keep track of the following indicators:
1. We track the q = (0, 0) component of the pairing field structure factor, both to determine the presence of superfluidity and also to locate the T c scale:
2. The overall density of states:
where u n and v n are components of the HFBdG eigenfunctions, E n are the eigenvalues, and the angular brackets indicate thermal and disorder average.
3. Finally, localisation effects are tracked via the inverse participation ratio. For a normalised state |n , the inverse participation ratio (IPR) is P (n) = i | i|n | 4 . Averaged over and energy interval this leads to:
is a inverse measure of the number of sites over which eigenstates at energy ω are spread.
III. GROUND STATE
The ground state of disordered superfluids are typically accessed with an inhomogeneous HFBdG scheme. In a strict T = 0 implementation this is accomplished by factorising the attractive interaction in the pairing and density channels. This leads to two averages: n i and c † i↑ c † i↓ , to be computed self consistently. In the presence of a background potential, V i in our case, the averages become inhomogeneous. Within mean field theory one does not obtain a SIT, unless additional quantum phase fluctuations are included, but an estimate of the
for V0 = 1, plotted as a function of r/σ, by actually sampling our disorder configurations. The function should be universal, and die off for r/σ 1, but sampling on a 24 × 24 lattice leads to the non universal features at large σ.
FIG. 2.
Maps for spatial patterns in the ground state. The top row shows the disorder potential Vi for fixed V0 and four speckle sizes σ. Patterns for different V0 can be generated by simply scaling these up. Notice the more random Vi landscape at small σ and the progressively smoother variation at larger σ. The lower set of panels shows the amplitude |∆i| for varying V0 and σ. From the top row down V0 = 0.5t, 1.5t, 2.5t. Since the HFBdG ground state is perfectly phase correlated the amplitude |∆i| is a measure of superfluid order. The small V0 large σ pattern has the strongest order, with |∆i| anti-correlated with the Vi, while the large V0 small σ panel has the weakest order. phase stiffness has established the critical disorder for uncorrelated 'box disorder' in two dimensions. Our model differs in two important respects: (a) the local distribution of V i is exponential:
A. Spatial behaviour Fig.3 shows the spatial behaviour in the ground state for changing speckle size and disorder strength. The top row shows the pattern of the bare disorder V i for fixed V 0 and four speckle sizes. Realisations with larger disorder, but same σ, can be generated by simply scaling the potential in the top row.
As expected, the V i shows a rapid site to site variation at σ = 1 and a progressively smoother, island like structure, at σ = 4. The smoothening suggests that the scattering effects would be weaker at large σ.
The lower set of panels shows the amplitude, |∆ i |, of the pairing field that emerges for different combinations of V 0 and σ. The V 0 values chosen to capture behaviour at weak disorder (V 0 = 0.5t), close to critical (V 0 = 1.5t), and insulating (V 0 = 2.5t) in the uncorrelated limit.
Expectedly, the |∆ i | is large and quasi homogeneous at small V 0 and large σ (top right) and rapidly varying and of small average value when V 0 is large and σ is small (bottom left). The |∆ i | also 'anti correlates' with the V i , in the sense that large positive V i -with leads to small local density -lead to small |∆ i | in a neighbourhood.
B. Phase diagram
For uncorrelated disorder, say P (V ) ∝ e −V /V0 , at a fixed U and n, there is a SF to insulator transition at some V c . With the introduction of a correlation length σ, the V c becomes σ dependent. Fig.2(a) shows how the SF order parameter at T = 0 (obtained by extrapolating the finite T result) falls with V /t for different σ. The intersection of these lines with the x axis maps out V c (σ).
Panel 2.(b)
shows the V − σ ground state phase diagram obtained by the method above. For uncorrelated exponential disorder we find V c ∼ 1.8t. With increase in σ the V c increases -widening the SF window -and we find that
We call the phase without SF order an 'insulator' since it has an interaction induced gap in the spectrum.
C. Density of states
We now examine the DOS in the ground state for varying V 0 and σ, Fig.4 . The top row shows panels at fixed V 0 , while the lower panels show the same data organised in terms of fixed σ.
Panel (a) shows the σ dependence at weak disorder. At small σ -the disorder smears the gap edge and leads to some spectral weight into what would be a the gapped region in the clean superfluid. Increasing σ pushes the system back towards the clean SF mopping up some of the gap edge weight and sharpening the coherence peaks. With increasing disorder, panels (b) and (c), the trend gets more prominent -small σ leads to (i) gap suppression, (ii) large spectral weight at the gap edge, and (iii) a diminished coherence peak. Increase in σ reverses (i) and (ii) somewhat but cannot restore the coherence peak.
Panels (d)-(f) have the same information content as (a)-(c), their importance is mainly in highlighting that at small σ there is a quick spillover of low energy spectral weight with increasing V 0 , while at σ = 3 the gap edge moves very little as V 0 increases from 0.5t to 2.5t. ) and (c), the coherence peak is almost absent and the small σ case has significant low energy spectral weight compared to the clean limit. Increasing σ removes the low energy weight but does not restore the coherence peak. Panels (e)-(f) show the same data as in (a)-(c) now highlighting the variation with V0 at fixed σ.
D. Localisation effects
We have seen the pattern of the speckle disordered potential and its effect on the pairing field distribution. At U > ∼ t and the presence of disorder the density field become strongly inhomogeneous due to the Hartree feedback from the interaction term. The effective potential to which the fermions react is not V i but
In contrast to a weakly interacting system with uncorrelated disorder the pairing in the present problem would involve fermions in an effective potential that is (i) strongly renormalised due to the large U , and (ii) spatially correlated due to the fermionic feedback and finite σ. The combination of V 0 and U enhances localisation, while increasing σ at fixed (V 0 , U ) weakens localisation. These effects in turn impact on the phase stiffness which dictates the T c scales of the superfluid 43 . With this in mind, Fig.5 shows maps of the effective potential V ef f for varying V 0 and σ. The φ that enters V ef f is obtained via the full HFBdG minimisation, but here we focus only on the φ and not the associated ∆ i . As expected the V ef f at small σ is rapidly fluctuating while at large σ the variation is much smoother. The main impact of φ i is to increase the width of the effective disorder leaving the spatial correlation more or less as in V i . This is borne out by comparing the middle row in Fig.5 with the top row in Fig.3 .
The impact of the disorder on single particle states is quantified in Fig.6 . The top row shows the DOS, panels (a)-(b) show the results with only the bare disorder V i present, while (c)-(d) show the DOS in the presence of V ef f . We emphasize again that for (a)-(b) all interaction effects were switched off, while for (c)-(d) the φ i was extracted from a HFBdG calculation, added to the V i , and the resulting problem rediagonalised. The bottom row show the IPR corresponding to the DOS panels on top.
The V 0 values used in Fig.6 are 0.5t, 1.5t, 2.5t. In the V i only case of panels (a)-(b) one sees the usual suppression of the van Hove singularity and broadening of the DOS, with the effects being slightly weaker at σ = 4 compared to σ = 1. The IPR in panels (e)-(f) show systematically smaller values for σ = 4 compared to σ = 1, and much larger IPR values at the band edge compared to the band center. Lessons: larger σ expectedly leads to weaker localisation, and the localising tendency is much stronger near the band edge rather than the center. Qualitatively these are what one would have expected.
In panels (c)-(d) the fermions are subject to a larger effective disorder than in (a)-(b). As a result the suppression of the van Hove feature is stronger and the weight spreads over a larger frequency window. Here again the the effect of disorder is somewhat weaker in (d) compared to (c).
The most interesting feature is the contrast between the IPR in (g)-(h) with that in (e)-(f). Note the following: (i) all panels indicate a relative low IPR at the band center, i.e, weaker localisation, and an order of magnitude IPR at the band edges, (ii) the IPR in the V ef f problem, near ω = 0 or near the band edges, is at least an order of magnitude larger than the corresponding value in the bare disorder problem, and (iii) between (g) and (h) the larger σ case shows a clearly smaller IPR. This feature, as we discuss later, affects the fermionic Green's function G ij (iω n ) and through that the phase stiffness and T c scale of the disordered superfluid.
IV. THERMAL FLUCTUATIONS
We would like to understand how speckle correlations affect the T c and spectral properties of the disordered superfluid. To this end we do a Monte Carlo on H ef f , annealing the variables φ i and ∆ i , which now pick up a distribution at each site, and compute spatial correlations and DOS averaged over equilibrium configurations. We have ignored the pairing effects in this calculation. In the Vi problem the DOS naturally broadens with V0 but is not very sensitive to σ. The IPR however is sensitive to σ and shows weaker band edge localisation (smaller IPR) at larger σ. The V ef f i problem has larger bandwidth, due to the larger effective disorder, and greater band edge localisation compared to the bare disorder. The localisation effect expectedly weaken at larger σ.
A. Phase diagram
Tracking the ordering peak, S(q = 0) in the pairing structure factor allows us to locate a transition scale. For our density and interaction choice that scale is ∼ 0.13t in the clean limit. We choose several V 0 for σ = 1 − 4, and about 10 realisations for each (V 0 , σ) combination, and cool the system from high temperature. We save some equilibrium configurations of {∆ i , φ i }, the pairing structure factor S(q), and the DOS.
The T c scale that emerges is shown in Fig.7 . Panel (a) shows the V 0 dependence for different σ while panel (b) shows the σ dependence at fixed V 0 . In (a) all the T c curves start at the clean value when V 0 = 0. The drop with V 0 /t is relatively quick at σ = 1, hitting T c = 0 at V 0 ∼ 1.8t, while at σ = 4 the fall is much slower and the critical disorder is V 0 ∼ 3t. These numbers lead to the phase diagram in Fig.3 . Panel (b) shows the effect of increasing speckle size on the T c , for fixed values of V 0 . At weak disorder, V 0 = 0.5t, the T c rises slowly with increasing speckle size and tends to reach the clean limit value for σ > ∼ 4. At V 0 = 1.5t, where for uncorrelated disorder the system is close to a SF-insulator transition, increasing σ leads to a quicker rise in T c . Once the speckle size becomes the coherence length of the clean SF presumably the T c will reach the clean asymptote. The third case, at V 0 = 2.5t is the most interesting. Here the system remains insulating upto σ ∼ 3 and only at σ = 4 do we see a small finite T c . This is a speckle size induced insulator to SF transition, and the bottom right panel in Fig.2 suggests that this occurs via percolation. The T = 0.01t system is an insulator for σ = 1 − 2 and shows SF behaviour only in the σ = 3 − 4 panels. There is hardly any pairing correlation at σ = 1, some trace at σ = 2 (but not covering the system), and percolative patterns at σ = 3 − 4.
B. Variation in speckle size
The trend is borne out in the lower panels, where phase fluctuations additionally suppress SF correlations. One can draw a T c (σ) plot akin to Fig.7(b) that shows the onset of SF order for σ > 2 and a gradual enhancement of T c with σ. Fig.9 shows data that is complementary to Fig.8 , now focusing on results at a fixed speckle size σ = 2. As expected the low T the system shows SF order for V 0 < ∼ 1.5t and insulating character for V 0 = 2t. The V 0 = 2t system continues to remain insulating at all T while the weaker disorder cases show a fragmentation of the spatial order, and its loss at a scale T c (V 0 ), with increasing T . The associated T c are given in Fig.7(a) .
C. Variation in disorder strength
The change is DOS with V 0 and T is as anticipated. At low V 0 the low T DOS has a large gap with sharp edge and reasonable coherence peaks. With increasing T there is a transfer of weight to low energy and a smearing of the coherence feature. With increase in V 0 the low T DOS shows a smaller gap and for V 0 > ∼ 1.5t no coherence peaks are visible. However, the transfer of spectral weight to low frequency, due to increasing T , is weaker in the larger V 0 case compared to weak disorder. At fixed temperature along the row the correlation value decreases with increase in speckle size. The system is highly correlated at V0 = 0.5t and T = 0.01t and has small value at V0 = 2.0t and T = 0.01t. The thermal fluctation leads to supression of correlation value. Bottom row: Speckle size σ = 2, showing V0 and T dependence. The suppresion in coherence peak is seen with increasing temperature and disorder strength. The gap in the density of states reduces with increasing temperature. This effect is more pronounced at small disorder strength.
V. DISCUSSION
There are no experiments yet that probe the role of speckle disorder on a lattice superfluid of fermionic cold atoms. We will make quantitative predictions for such experiments separately. At the moment we just suggest a mechanism through which the speckle disorder results can be addressed.
(i) The first step is to create the effective potential for a certain realisation of disorder. This potential V ef f involves the bare speckle potential V i as well as the Hartree feedback. We have created explicit realisations of this potential by solving the HFBdG problem. For given U , n, V 0 and σ one should be able to construct a distribution function P {V ef f } for such a potential. The eigenstates and eigenvalues of this, and in general the Green's functions, may have to be computed numerically. We have already seen the weakening of localisation in the eigenstates of V ef f as speckle size is increased.
(ii) We can use a model suggested in earlier 43 to extract an effective Ginzburg-Landau model to characterise the spatial features and the T c of the speckle disordered model as below.
The a i and b i , crudely, control the |∆ i | while J ij determine a bond coupling between the 'i' and 'j' sites (not necessarily nearest neighbours). These parameters are in general temperature dependent. We can ignore the thermal renormalisation of these as a first approximation. One can calculate J ij via a perturbative expansion of the energy in ∆ i around the disordered ground state. This leads to: J ij ∼ 1 β n G ij (iω n )G ij (−iω n ) where G ij (iω n ) is the electronic Greens function computed in the background defined by V ef f . Since the speckle correlation and the effect of U is already built into V ef f we expect a simulation of the model above to reasonably capture T c . We will discuss this in the future.
VI. CONCLUSION
We studied the speckle disorder driven superfluid-insulator transition for intermediate coupling fermions in an optical lattice. The speckle disorder has an exponential on site distribution, and a correlation length σ. We observe the increase of the superfluid window at T = 0, as well as increase in T c , with increasing speckle size. In contrast to the disorder driven superfluid to insulator transition, which is well stud-ied, we mapped out a speckle size driven insulator to superfluid transition. While uncorrelated disorder creates low energy spectral weight in the 'BCS gap' window and suppresses the coherence peak, an increase in speckle size reduces such low energy weight. The overall behaviour can be understood, roughly, in terms of pairing of eigenstates in a spatially correlated effective potential created by the speckle disorder and its Hartree amplification.
